In this work a fractional differential equation for the electrical RLC circuit is studied. The order of the derivative being considered is 0 < γ ≤ 1. To keep the dimensionality of the physical quantities R L and C an auxiliary parameter σ is introduced. This parameter characterizes the existence of fractional components in the system. It is shown that there is a relation between γ and σ through the physical parameters RLC of the circuit. Due to this relation, the analytical solution is given in terms of the Mittag-Leffler function depending on the order γ of the fractional differential equation.
Introduction
Although the application of Fractional Calculus (FC) has attracted interest of researches in recent decades, it has a long history when the derivative of order 0 5 has been described by Leibniz in a letter to L'Hospital in 1695. FC, involving derivatives and integrals of non-integer order, is the natural generalization of the classical calculus [1] - [5] . Many physical phenomena have "intrinsic" fractional order description and so FC is necessary in order to explain them. In many applications FC provide more accurate models of the physical systems than ordinary calculus do. Since its success in description of anomalous diffusion [6] - [9] non-integer order calculus both in one and multidimensional space, it has become an important tool in many areas of physics, mechanics, chemistry, engineer- * E-mail: jgomez@ugto.mx ing, finances and bioengineering [10] - [16] . Fundamental physical considerations in favor of the use of models based on derivatives of non-integer order are given in [17] - [19] . The Lagrangian and Hamilton formulation of dynamics and electromagnetic field in view of fractional calculus has been reported in [20] - [25] . Modeling as fractional order proves to be useful particulary for systems where memory or hereditary properties play a significant role. This is due to the fact that an integer order derivative at a given instant is a local operator which considers the nature of the function only at that instant and its neighborhood, whereas a fractional derivative takes into account the past history of the function from some earlier point in time, called "lower terminal" up to the instant at which the derivative is to be computed. Fractional derivatives provide an excellent instrument for the description of memory and hereditary properties of various materials and processes [26] . Another large field which requires the use of FC is the theory of fractals [27] - [30] . The development of the theory of fractals has opened further perspective for the theory of fractional derivatives, especially in modeling dynamical processes in self-similar and porous structures. Fractional-order models have been already used for modeling of electrical circuits (such as domino ladders, tree structures, etc.) and elements (coils, memristor, etc.). The review of such models can be found in [31] - [33] .
It has been suggested a fractional differential equation that combines the simple harmonic oscillations of an LC circuit with the discharging of an RC circuit. The behavior of this new hybrid circuit without sources has been analyzed [34] . In the work [35] the simple current source-wire circuit has been studied fractionally using direct and alternating current source. It was shown that the wire acquires an inducting behavior as the current is initiated in it and gradually recovers its resisting behavior.
Recently, in [36] has been proposed a systematic way to construct fractional differential equations for the physical systems. In particular, the systems mass-spring and spring-damper has been analyzed. Such a way consists in to analyze the dimensionality of the ordinary derivative operator and try to bring it to a fractional derivative operator consistently. In the present work we obtain a solution for the fractional RLC circuit which is the generalization of the solution obtained in [36] .
Overview on fractional calculus
To analyze the dynamical behavior of a fractional system it is necessary to use an appropriate definition of fractional derivative. In fact, the definition of the fractional order derivative is not unique and there are several definitions, including: Grünwald-Letnikov, Riemann-Liouville, Weyl, Riesz and the Caputo representation. In the Caputo case, the derivative of a constant is zero and we can define, properly, the initial conditions for the fractional differential equations which can be handled by using an analogy with the classical case (ordinary derivative). Caputo derivative implies a memory effect by means of a convolution between the integer order derivative and a power of time. For this reason, in this paper we prefer to use the Caputo fractional derivative [1] - [4] :
where γ ∈ R is the order of the fractional derivative,
are the ordinary derivative and the Gamma function, respectively.
The Laplace transform of the Caputo fractional derivative is given by [4] 
3) The Caputo derivative operator satisfies the following relations
For example, in the case ( ) = , where is arbitrary number and 0 < γ ≤ 1 we have the following expression for the fractional derivative
where Γ( ) and Γ( + 1 − γ) are the Gamma functions. If γ = 1 the expression (5) yields the ordinary derivative
During the recent years the Mittag-Leffler function has caused extensive interest among physicist due to its role played in describing realistic physical systems with memory and delay. The Mittag-Leffler function is defined by the series expansion as
where Γ(·) is the Gamma function. When = 1, from (7) we have
Therefore, the Mittag-Leffler function is a generalization of the exponential function.
Fractional RLC circuit
An oscillating circuit in series, in general, is an electrical circuit consisting of three kinds of circuit elements: a resistor with a resistance R measured in ohms, an inductor with an inductance L measured in henries, and a capacitor with capacitance C measured in farads. The change with respect to time of the electric charge ( ) in the shell of the capacitor is described by the homogeneous differential equation
The term, ( ) C , is very important because its lack in (9) implies that we have not an oscillating circuit. The main goal of this work is the study of the differential equation (9) from the point of view of the fractional calculus.
Unlike other works [34] - [38] , in which the pass from ordinary derivative to fractional one is direct, in [36] a systematic way to construct fractional differential equations for the physical systems has been proposed. It was proposed the transition of the ordinary derivative operator to the fractional operator as follows:
where the auxiliary parameter σ has dimension of seconds and γ is an arbitrary parameter representing the order of the fractional time derivative, and in the case γ = 1 it becomes the usual derivative. The expression (10) is a time derivative in the usual sense, because its dimension is s . The parameter σ (auxiliary parameter) represents the fractional time components in the system, components that show an intermediate behavior between a system conservative and dissipative. The physical and geometrical interpretation of the fractional operators is given in [39] - [40] .
Using (10), the fractional differential equation corresponding to (9) is given by
where the fractional derivative in (11) is the Caputo derivative (1). The solution of the equation (11) may be obtained applying direct and inverse Laplace transform. For underdamped case, the solution is given by
with R < 2 √ L/C , and γRLC (0) = 0 . In (12) ω 2 0 = 1 LC is the undamped natural frequency expressed in radians per second, and α 2 = R 2L is the damping factor expressed in nepers per second. In the case γ = 1, from (12), we have the well-known result
showing an ordinary underdamped system characterized by a constant of time τ = 2L/R and undamped natural frequency ω 0 .
From (12), we see that there is a relation between γ and σ given by
1/2 (14) Then, the solution (12) for the underdamped case R < 2 √ L/C or α < ω 0 takes the form So, the solution (15) takes its final form
(18) Figure 1 shows the plot of the solution (18) for different values of γ.
In the overdamped case α > ω 0 or R > 2 √ L/C the solution of the equation (12) has the form (18) for different values of γ.
In the particular case γ = 1, we havẽ
where˜ RLC (0) =˜ 0 is the charge on the capacitor in = 0. The solution (20) represents the change of charge ( ) on the capacitor and has aperiodic character. This is a well-known result.
Taking into account the relation between γ and σ γ = R 2
the solution (19) takes the form 
Then, the solution (19) can be written in its final form 
Conclusion
We have presented an analysis of the electrical RLC circuit in the time domain, from the point of view of fractional calculus. We also found out that there is a relation between γ and σ through the physical parameters, depending on the system in studies, see (14, 21) . Due to these relations, we obtained the solutions (18) and (25) in terms of the Mittag-Leffler function depending on the parameter γ. The classical cases are recovered by taking the limit when γ = 1
We hope to study some other aspect of the fractional modified electrical circuits in future. We also hope that it can give some new insights about some promising topics for future research such as fractional filters (fractional analogical filters of second order) and communication theory.
